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Abstract
Froissart Bound implies that the total proton-proton cross-section (or equivalently structure
function) cannot rise faster than the logarithmic growth log2 s ∼ log2 1/x, where s is the square
of the center of mass energy and x is the Bjorken variable. Compatibility of such behavior with
the notion of self-similarity in a model of structure function suggested by us sometime back is
now generalized to more recent improved self-similarity based models and compare with recent
data as well as with the model of Block, Durand, Ha and McKay. Our analysis suggests that
Froissart bound compatible self-similarity based models are possible with log2 1/x rise in limited
x − Q2 ranges of HERA data, but their phenomenological ranges validity are narrower than the
corresponding models having power law rise in 1/x.
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I. INTRODUCTION
One of the cornerstones of the present strong interaction physics is the Froissart theo-
rem [1]. It declares that the total cross section of any two-hadron scattering cannot grow
with energy faster than (log s)2 where s is the center of mass energy square. Later it was
improved by Martin [2–4]. The original derivation of Froissart [1] is based on Mandelstam
representation and that of Martin [2, 5] is on axiomatic field theory which could be consid-
ered as more general. The approach has led further development of the subject [6–10] as
well as construction of several phenomenological models [11, 12]. It is therefore as familiar
as Froissart-Martin bound.
Precession measurement of proton-proton (pp) cross-section at LHC [13–16] and in cosmic
rays [17] have led the PDG group [18] to fit the data with such log2 s term together with an
additional constant σ ∼ A + B log2 s. There is also an alternative fit for pp data [19] with
an addition of non leading log s term
Exact proof of Froissart Saturation in QCD is not yet been reported. However, in specific
models, such behavior is found to be realizable. Specifically, soft gluon resummation models
in the infrared limit of QCD [20] and /or gluon-gluon recombination as in GLR [21] equation
or color glass condensate [22–24] models such log2 s rise of proton proton cross section is
achievable.
In DIS, when Froissart bound is related to the nucleon structure function F2(x,Q
2), it
implies a growth limited to log2
1
x
.
It is well known that the conventional equations of QCD, like DGLAP [35–37] and BFKL
approaches [38–41], this limit is violated; while in the DGLAP approach, the small-x gluons
grow faster than any power of ln
(
1
x
)
≈ ln
(
s
Q2
)
[26], in the BFKL approach it grows as
a power of
(
1
x
)
[38–42].
However, in recent years, the validity of Froissart Bound for the structure function at
phenomenological level has attracted considerable attention in the study of DIS, mostly due
to the efforts of Block and his collaborators [27–31].
It was argued in Ref. [30] that as the structure function F γp2 (x,Q
2) is essentially the
total cross section for the scattering of an off-shell gauge boson γ∗ on the proton, a strong
interaction process up to the initial and final gauge boson-quark couplings and Froissart
bound makes sense. On this basis, one analytical expression in x and Q2 for the DIS
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structure function has been suggested by them [28] which has expected Froissart compatible
log2
1
x
behavior and valid within the range of Q2: 0.85 ≤ Q2 ≤ 1200 GeV2 of the HERA
data. Using this expression as input at Q20 = 4.5 GeV
2 to DGLAP evolution equation, the
validity is increased upto 3000 GeV2 [29]. The approach has been more recently applied in
the Ultra High Energy (UHE) neutrino interaction, valid upto ultra small x ∼ 10−14 [31] . It
is therefore of interest to study if such Froissart saturation like behavior can be incorporated
in any other proton structure functions as well and can be tested with data.
The aim of the present paper is exactly this: we will study the possibility of incorporating
Froissart saturation like behaviour in the parametrization of structure function of nucleon
based on self-similarity as suggested by Lastovicka [44] and later pursued by us [45–50].
Specifically in Ref [45], such possibility was first suggested. The present work is a general-
ization and improvement of it in the sense that the improved models can incorporate linear
rise in logQ2 instead of Q2 and make them closer to data and QCD expectation. As the
physics of small x is not yet fully understood, it is a worthwhile study, which needs to be
tested with most recent data. This is the aim of the present paper.
In section II, we will show the required formalism while in section III, summary of the
present work will be discussed.
II. FORMALISM
A. Froissart bound in self-similarity based Proton structure function
The possibility of incorporating Froissart bound in the self-similarity based model of
proton structure function suggested by Lastovicka [44] was first attempted in Ref. [45].
In the model of Ref [44], the magnification factors were defined as M1 =
(
1 + Q
2
Q2
0
)
and
M2 =
1
x
. It was noted in [45] that if the magnification factor M2 is changed to
(
log
1
x
)
,
then it is possible to get a Froissart saturation like behavior in structure function. However,
we observe that it is true only for PDF but not for the structure function.
Below we address this point. For completeness, we first outline the self-similarity based
model of proton structure function of Ref. [44]
The self-similarity based model of the proton structure function of Ref[44] is based on
parton distribution function(PDF) qi(x,Q
2). Choosing the magnification factors M1 =
3
(
1 +
Q2
Q20
)
and M2 =
(
1
x
)
, the unintegrated Parton Density (uPDF) can be written as
[44, 48]
log[M2.fi(x,Q
2)] = D1. log
1
x
. log
(
1 +
Q2
Q20
)
+D2. log
1
x
+D3. log
(
1 +
Q2
Q20
)
+Di0 (1)
where x is the Bjorken variable and Q2 is the renormalization scale and i denotes a quark
flavor. Here D1, D2, D3 are the three flavor independent model parameters while D
i
0 is the
only flavor dependent normalization constant. M2 is introduced to make (PDF) qi(x,Q
2)
as defined below (in Eqn 2) dimensionless which is set to be as 1 GeV2 [48]. We note that
in deriving the model ansatz Eqn (1), one has to first generalize the definition of dimension
from discrete to continuous fractals. The proper choice of magnification factors are made
on the condition that they should be positive, non-zero and have no physical dimension.
Whereas, in Ref[44], choice of
(
1 +
Q2
Q20
)
is made and an equivalent choice of
(
Q20
Q2 +Q20
)
is
also equally plausible. So is
(
1
x
)
vs
(
log
1
x
)
. The integrated quark densities (PDF) then
can be defined as
qi(x,Q
2) =
∫ Q2
0
fi(x,Q
2)dQ2 (2)
As a result, the following analytical parametrization of a quark density is obtained by using
Eqn(2) [47]
qi(x,Q
2) = eD
i
0f(x,Q2) (3)
where
f(x,Q2) =
Q20
(
1
x
)D2
M2
(
1 +D3 +D1 log
(
1
x
))

(1
x
)D1 log(1+Q2
Q2
0
)(
1 +
Q2
Q20
)D3+1
− 1

 (4)
is flavor independent. Using Eqn(3) in the usual definition of the structure function
F2(x,Q
2), one can get
F2(x,Q
2) = x
∑
i
e2i
(
qi(x,Q
2) + q¯i(x,Q
2)
)
(5)
or it can be written as
F2(x,Q
2) = eD0xf(x,Q2) (6)
4
where
eD0 =
nf∑
i=1
e2i
(
eD
i
0 + eD¯
i
0
)
(7)
Eqn(5) involves both quarks and anti-quarks. As in Ref[44] we use the same parametrization
both for quarks and anti-quarks. Assuming the quark and anti-quark have equal normaliza-
tion constants, we obtain for a specific flavor
eD0 =
nf∑
i=1
e2i
(
2eD
i
0
)
(8)
It shows that the value of D0 will increase as more and more number of flavors contribute
to the structure function.
With nf = 3, 4 and 5 it reads explicitly as
nf = 3 : e
D0 = 2
(
4
9
eD0
u
+
1
9
eD0
d
+
1
9
eD0
s
)
(9)
nf = 4 : e
D0 = 2
(
4
9
eD0
u
+
1
9
eD0
d
+
1
9
eD0
s
+
4
9
eD0
c
)
(10)
nf = 5 : e
D0 = 2
(
4
9
eD0
u
+
1
9
eD0
d
+
1
9
eD0
s
+
4
9
eD0
c
+
1
9
eD0
b
)
(11)
Since each term of right hand sides of Eqn(9),(10), and (11) is positive definite, it is clear,
the measured value of D0 increases as nf increases. However, single determined parameter
D0 can not ascertain the individual contribution from various flavors.
From HERA data [32, 33], Eqn(6) was fitted in Ref[44] with
D0 = 0.339± 0.145
D1 = 0.073± 0.001
D2 = 1.013± 0.01
D3 = −1.287± 0.01
Q20 = 0.062± 0.01 GeV
2 (12)
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in the kinematical region,
6.2× 10−7 ≤ x ≤ 10−2
0.045 ≤ Q2 ≤ 120 GeV2 (13)
Following the method of Ref. [45] for very small x and large Q2, we can write the PDF as
qi(x,Q
2) =
eD´
i
0 Q´20
(
log 1
x
)D´2+D´1 log(1+Q2
Q´2
0
)
M2
(
1 + D´3 + D´1 log(log 1/x)
)
(
1 +
Q2
Q´20
)D´3+1
(14)
and the corresponding structure function as
F´2(x,Q
2) =
eD´0 Q´20 x
(
log 1
x
)D´2+D´1 log(1+Q2
Q´2
0
)
M2
(
1 + D´3 + D´1 log(log 1/x)
)
(
1 +
Q2
Q´20
)D´3+1
(15)
If an extra condition on the exponent of
(
log
1
x
)
of Eq. 15 i.e. D´2 + D´1 log
(
1 + Q
2
Q´2
0
)
= 2
is imposed, then PDF of Eq. 14 shows Froissart saturation behavior ∼
(
log
1
x
)2
. But it is
not so for the structure function of Eq. 15 due to the additional multiplicative factor x.
If we recast the multiplicative factor x of Eq. 15 as
x =
(
log
1
x
)A
(16)
with
A =
− log 1
x
log
(
log 1
x
) (17)
then the Froissart condition on the structure function (Eq. 15) will be
− log 1
x
log
(
log 1
x
) + D´2 + D´1 log
(
1 +
Q2
Q´20
)
= 2 (18)
The first term in LHS of Eq. 18 is negative for 0 < x < 1 and independent of the model
parameters. For very small D2, D1 ∼ 0 the condition of Eq. 18 will be invalid and hence
the general Froissart saturation like behavior in structure function is not possible in the
model of Ref. [44]. Therefore we choose an alternative way to get a proper Froissart Bound
condition.
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B. Froissart bound compatible self-similarity based Proton structure functions
with three magnification factors and power law rise in Q2
Model 1
Taking three magnification factors instead of two:
M1 =
(
1 +
Q2
Q20
)
M2 =
1
x
M3 = log
1
x
(19)
one can construct uPDF, PDF and structure function as:
uPDF
log[M2.f`i(x,Q
2)] = D`1 logM1 logM2 logM3 + D`2 logM1 logM2 + D`3 logM2 logM3
+ D`4 logM1 logM3 + D`5 logM1 + D`6 logM2 + D`7 logM3 + D`0
i (20)
leads to
f`i(x,Q
2) = eD`
i
0
(
1
x
)D`2 log(1+Q2
Q`2
0
)
+D`6
×
(
log
1
x
)D`1 log(1+Q2
Q`2
0
)
log 1/x+D`3 log 1/x+D`4 log
(
1+
Q2
Q`2
0
)
+D`7
(
1 +
Q2
Q`20
)D`5
(21)
and the corresponding PDF
q`i(x,Q
2) =
eD`
i
0 Q`20 (1/x)
D`6
(
log 1
x
)D`3 log 1x+D`7
M2
(
1 + D`5 + D`2 log
1
x
+ (D`4 + D`1 log
1
x
) log log 1
x
)
×

(1/x)D`2 log
(
1+
Q2
Q`2
0
)
(log 1/x)
log
(
1+
Q2
Q`2
0
)
(D`4+D`1 log 1x)
(
1 +
Q2
Q`20
)D`5+1
− 1

 (22)
For very small x and large Q2 , the second term of Eq. (22) can be neglected, leading to
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q`i(x,Q
2) =
eD`
i
0 Q`20 (1/x)
D`2 log
(
1+
Q2
Q`2
0
)
+D`6
M2
(
1 + D`5 + D`2 log
1
x
+ (D`4 + D`1 log
1
x
) log log 1
x
)
×
(
log
1
x
)D`7+D`3 log 1x+(D`4+D`1 log 1x)×log(1+Q2Q`2
0
) (
1 +
Q2
Q`20
)D`5+1
(23)
from which one can define structure function as:
F`2(x,Q
2) =
eD`0 Q`20 (1/x)
D`2 log
(
1+
Q2
Q`2
0
)
+D`6−1
M2
(
1 + D`5 + D`2 log
1
x
+ (D`4 + D`1 log
1
x
) log log 1
x
)
×
(
log
1
x
)D`7+D`3 log 1x+(D`4+D`1 log 1x)×log(1+Q2Q`2
0
) (
1 +
Q2
Q`20
)D`5+1
(24)
which has total 9 parameters: Q`20 and D`is with i = 0 to 7.
Eq. 24 can show the proper Froissart saturation behavior in the structure function un-
der the following conditions on the model parameters:
(1)D`2 log
(
1 +
Q2
Q`20
)
+ D`6 = 1
(2)D`7 + D`3 log
1
x
+
(
D`4 + D`1 log
1
x
)
× log
(
1 +
Q2
Q`20
)
= 2 (25)
Further if D`7, D`3, D`1 ≪ D`4 in 25, then D`4 =
2− D`7
log
(
1 + Q
2
Q`2
0
) , the Froissart compatible
structure function will be
F`2(x,Q
2) =
eD`0 Q`20
(
log 1
x
)2 (
1 + Q
2
Q`2
0
)D`5+1
M2
(
1 + D`5 + D`2 log
1
x
+ (D`4 + D`1 log
1
x
) log log 1
x
) (26)
which reduces the number parameters by 3. So Eq. 26 indicates that a self-similarity based
model is compatible with Froissart bound having a power law growth in Q2.
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TABLE I. Results of the fit of F`2, model 1, Eq.26
D`0 D`1 D`2 D`4 D`5 Q
′′2
0 (GeV
2) χ2/ndf
0.1006±0.003 0.028±0.0008 -0.036±0.0001 3.585±0.05 -0.857±0.01 0.060±0.001 0.11
FIG. 1. Comparison of the structure function F`2 (Eq 26; model 1) as a function of x in bins of Q
2
with measured data of F2 from HERAPDF1.0 [34]
Using HERAPDF1.0 [34], Eq. 26 is fitted and found its phenomenological ranges of
validity: 1.3 × 10−4 ≤ x ≤ 0.02 and 6.5 ≤ Q2 ≤ 90 GeV2 with the fitted parameters listed
in Table I.
In Fig. 1, we have shown the graphical representation of F`2 with data for a few repre-
sentative values of Q2.
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Model 2
The above observation of necessity of having 3 magnification factors can be applied to
improve self-similarity based models suggested in Ref. [49]. In this case, we can construct
another new set of magnification factors:
Mˆ1 =
n∑
j=1
Bj(
1 + Q
2
Qˆ2
0
)j j = 1, 2
M2 =
1
x
M3 = log
1
x
(27)
Here the magnification factor M1 can be considered as special case of a more general form :
Mˆ1 =
n∑
i=−n
αiM
i
1 (28)
Only in a specific case, where α1 = 1 and all other coefficients cases vanish lead to the
original M1 as defined in Eq. 1. If we take this generalization form of Eq. 28 and if all the
coefficients αi(i = 0, 1, 2, . . . , n) vanish then Eq. 28 becomes
Mˆ1 =
n∑
j=1
Bj(
1 + Q
2
Qˆ2
0
)j (29)
where
Bj = α−j (30)
as discussed in Ref. [49]. Then we can define uPDF, PDF and structure function as follows:
The defining equation of uPDF:
log[M2.f¨i(x,Q
2)] = D¨1 log Mˆ1 logM2 logM3 + D¨2 log Mˆ1 logM2 + D¨3 logM2 logM3
+ D¨4 log Mˆ1 logM3 + D¨5 log Mˆ1 + D¨6 logM2 + D¨7 logM3 + D¨0
i (31)
leads to
f¨i(x,Q
2) = eD¨
i
0 Q¨20
(
1
x
)D¨6 (
log
1
x
)D¨3 log 1x+D¨7
B¨1

 1(
1 + Q
2
Q¨2
0
) + B¨2
B¨1
1(
1 + Q
2
Q¨2
0
)2

 (32)
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The corresponding PDF and structure function will have the forms
q¨i(x,Q
2) = eD¨
i
0 Q¨20 (1/x)
D¨6
(
log
1
x
)D¨3 log 1x+D¨7
B¨1

log(1 + Q2
Q¨20
)
−
B¨2
B¨1

 1(
1 + Q
2
Q¨2
0
) − 1




(33)
and
F¨2(x,Q
2) = eD¨0 Q¨20 (1/x)
D¨6−1
(
log
1
x
)D¨3 log 1x+D¨7
× B¨1

log(1 + Q2
Q¨20
)
−
B¨2
B¨1

 1(
1 + Q
2
Q¨2
0
) − 1



 (34)
respectively. Putting the extra conditions on the model parameters as
(1)D¨6 − 1 = 0
(2)D¨3 log
1
x
+ D¨7 = 2 (35)
will give the Froissart like behavior in structure function of Eq. 34 a new form :
F¨2(x,Q
2) = eD¨0 Q¨20 log
2 (1/x) B¨1

log(1 + Q2
Q¨20
)
−
B¨2
B¨1

 1(
1 + Q
2
Q¨2
0
) − 1



 (36)
The Froissart bound compatible self-similarity based model 2 Eq. 36 has now power law
growth in logQ2 to be compared with power law growth of model 1.
Now using the HERAPDF1.0 [34], Eq.36 is fitted and obtained its phenomenological
ranges of validity within: 1.3× 10−4 ≤ x ≤ 0.02 and 6.5 ≤ Q2 ≤ 60 GeV2 and also obtained
the model parameters which are given in Table II.
In Fig 2, we have shown the graphical representation of F¨2 with data for a few represen-
tative values of Q2.
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TABLE II. Results of the fit of F¨2, model 2, Eq.36
D¨0 B¨1 B¨2 Q¨
2
0(GeV
2) χ2/ndf
0.00047±0.0003 0.056±0.002 0.672±0.02 0.022±0.001
FIG. 2. Comparison of the structure function F¨2 (Eq 36; model 2) as a function of x in bins of Q
2
with measured data of F2 from HERAPDF1.0 [34]
Model 3
We now study how far the analytical structure of the models based on self-similarity
can come closer to phenomenologically successful model of Block et.al. of Ref. [29] having
Froissart saturation behavior. If the magnification factor M2 is extrapolated to large x in a
12
parameter free way
1
x
→
(
1
x
− 1
)
, one obtains a set of magnification factors
Mˆ1 =
n∑
j=1
Bj(
1 + Q
2
Qˆ2
0
)j j = 1, 2
M2 =
1
x
− 1
M3 = log
1
x
(37)
One obtains the following uPDF, PDF and structure function:
uPDF
f˘i(x,Q
2) =
eD˘
i
0
M2
(1/x)D˘6 (1− x)D˘6
(
log
1
x
)D˘3 log 1x+D˘7
× B˘1

 1(
1 + Q
2
Q˘2
0
) + B˘2
B˘1
1(
1 + Q
2
Q˘2
0
)2

 (38)
Corresponding PDF
q˘i(x,Q
2) = eD˘
i
0 Q˘20 (1/x)
D˘6(1− x)D˘6
(
log
1
x
)D˘3 log( 1x−1)+D˘7
× B˘1

log
(
1 +
Q2
Q˘20
)
−
B˘2
B˘1

 1(
1 + Q
2
Q˘2
0
) − 1



 (39)
and the structure function
F˘2(x,Q
2) = eD˘0 Q˘20 (1/x)
D˘6−1(1− x)D˘6
(
log
1
x
)D˘3 log( 1x−1)+D˘7
× B˘1

log
(
1 +
Q2
Q˘20
)
−
B˘2
B˘1

 1(
1 + Q
2
Q˘2
0
) − 1



 (40)
13
Putting the extra conditions
(1)D˘6 − 1 = 0
(2)D˘3 log
(
1
x
− 1
)
+ D˘7 = 2 (41)
will give the Froissart like behavior in structure function as:
F˘2(x,Q
2) = eD˘0 Q˘20 (1− x) log
2(1/x) × B˘1

log
(
1 +
Q2
Q˘20
)
−
B˘2
B˘1

 1(
1 + Q
2
Q˘2
0
) − 1



 (42)
which has power law growth in logQ2 rather than in Q2 of model 1.
Using the HERAPDF1.0 [34], Eq.42 is fitted and obtained its phenomenological ranges
of validity within: 1.3 × 10−4 ≤ x ≤ 0.02 and 6.5 ≤ Q2 ≤ 120 GeV2 and also obtained the
model parameters which are given in Table III.
In Fig. 3, we have shown the graphical representation of F˘2 with data for a few repre-
sentative values of Q2.
TABLE III. Results of the fit of F˘2, model 3, Eq.42
D˘0 B˘1 B˘2 Q˘
2
0(GeV
2) χ2/ndf
0.006±0.0005 0.032±0.0005 0.309±0.009 0.048±0.001 0.25
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FIG. 3. Comparison of the structure function F˘2 (Eq 42; model 3) as a function of x in bins of Q
2
with measured data of F2 from HERAPDF1.0 [34]
Model 4
If the third magnification factor is also large-x extrapolated: log
1
x
→ log
(
1
x
− 1
)
i.e
Mˆ1 =
n∑
j=1
Bj(
1 + Q
2
Qˆ2
0
)j j = 1, 2
M2 =
1
x
− 1
M3 = log
(
1
x
− 1
)
(43)
the corresponding uPDF PDF and structure function becomes:
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uPDF
f˘ ′i(x,Q
2) =
eD˘
′i
0
M2
(1/x)D˘
′
6 (1− x)D˘
′
6
(
log
1− x
x
)D˘′
3
log( 1x−1)+D˘′7
× B˘′1

 1(
1 + Q
2
Q˘′2
0
) + B˘′2
B˘′1
1(
1 + Q
2
Q˘′2
0
)2

 (44)
Corresponding PDF
q˘′i(x,Q
2) = eD˘
′i
0 Q˘′20 (1/x)
D˘′
6(1− x)D˘
′
6
(
log
1− x
x
)D˘′
3
log( 1x−1)+D˘′7
× B˘′1

log
(
1 +
Q2
Q˘′20
)
−
B˘′2
B˘′1

 1(
1 + Q
2
Q˘′2
0
) − 1



 (45)
and the structure function
F˘ ′2(x,Q
2) = eD˘
′
0 Q˘′20 (1/x)
D˘′
6
−1(1− x)D˘
′
6
(
log
1− x
x
)D˘′
3
log( 1x−1)+D˘
′
7
× B˘′1

log
(
1 +
Q2
Q˘′20
)
−
B˘′2
B˘′1

 1(
1 + Q
2
Q˘′2
0
) − 1



 (46)
Putting the extra conditions
(1)D˘′6 − 1 = 0
(2)D˘′3 log
(
1
x
− 1
)
+ D˘′7 = 2 (47)
can show the Froissart like behavior in structure as:
F˘ ′2(x,Q
2) = eD˘
′
0 Q˘′20 (1− x) log
2
(
1− x
x
)
B˘′1

log
(
1 +
Q2
Q˘′20
)
−
B˘′2
B˘′1

 1(
1 + Q
2
Q˘′2
0
) − 1




(48)
Eq. 48 of model 4 based on self-similarity and Froissart bound compatibility is closest
to the phenomenologically successful model suggested by Block, Durand, Ha and McKay
which has a wide range of phenomenological validity in Q2: 0.11 ≤ Q2 ≤ 1200 GeV2 for
small x ≤ xp = 0.11 [28] together with a Froissart Saturation like behavior [1].
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Using the HERAPDF1.0 [34], Eq. 48 is fitted and obtained its phenomenological ranges
of validity within: 1.3 × 10−4 ≤ x ≤ 0.02 and 6.5 ≤ Q2 ≤ 120 GeV2 with the obtained
model parameters which are given in Table IV. In Fig. 4, we have shown the graphical
representation of F˘ ′2 with data for a few representative values of Q
2.
TABLE IV. Results of the fit of F˘ ′2, model 4, Eq.48
D˘′0 B˘
′
1 B˘
′
2 Q˘
′2
0 (GeV
2) χ2/ndf
0.008±0.001 0.034±0.0008 0.251±0.01 0.057±0.005 0.26
FIG. 4. Comparison of the structure function F˘ ′2 (Eq. 48; model 4) as a function of x in bins of
Q2 with measured data of F2 from HERAPDF1.0 [34]
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MODEL 5
The expression for F p2 (x,Q
2) of Ref. [29] is:
F p2 (x,Q
2) = (1− x)
{
Fp
1− xp
+ A(Q2) ln
xp(1− x)
x(1− xp)
+B(Q2) ln2
xp(1− x)
x(1 − xp)
}
(49)
Where,
A(Q2) = a0 + a1 lnQ
2 + a2 ln
2Q2
B(Q2) = b0 + b1 lnQ
2 + b2 ln
2Q2 (50)
and the parameters fitted from deep inelastic scattering data [29] are
x 6 xp = 0.11 and Fp = 0.413± 0.003 , (51)
a0 = −8.471× 10
−2
± 2.62× 10−3 ,
a1 = 4.190× 10
−2
± 1.56× 10−3 ,
a2 = −3.976× 10
−3
± 2.13× 10−4 ,
b0 = 1.292× 10
−2
± 3.62× 10−4 ,
b1 = 2.473× 10
−4
± 2.46× 10−4 ,
b2 = 1.642× 10
−3
± 5.52× 10−5 . (52)
More recently, expression of Eq. 49 was used as an input at Q2 = 4.5 GeV2 in DGLAP
evolution equations in leading order (LO) and obtained a wider phenomenological Q2-range
upto Q2 ≤ 3000 GeV2 using more recent HERA data [34].
One can write the Eq. 49 in a more simplified version:
F p2 ∼ (1− x)
[
C + a′0 ln
1− x
x
+ a′1 lnQ
2 ln
1− x
x
+ a′2 ln
2Q2 ln
1− x
x
+ b′0 ln
2 1− x
x
+ b′1 lnQ
2 ln2
1− x
x
+ b′2 ln
2Q2 ln2
1− x
x
]
(53)
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where
C =
Fp
1− xp
, a′0 = a0
xp
1− xp
, a′1 = a1
xp
1− xp
, a′2 = a2
xp
1− xp
,
b′0 = b0
xp
1− xp
, b′1 = b1
xp
1− xp
, b′2 = b2
xp
1− xp
The relative success of the model 5 over model 4 is that while the model 5 has got
additional multiplicative terms like ln2Q2 and ln2Q2 with leading and non-leading terms of
the order of log
1
x
with multiplicative factors ln2Q2 and ln2Q2, the present self-similarity
based model 4 do not have such additional leading and non-leading additive/multiplicative
terms.
The analysis indicates that Froissart Saturation like behavior is possible in the self-
similarity based models of proton structure function pursued by us, provided the magnifi-
cation factors increases from 2 to 3, with an additional magnification factor log 1
x
. We have
studied the models having either power law growth in Q2 (model 1) or in logQ2 (models
2-4). Each of them has log2 1
x
rise rather than
(
1
x
)m
, where m > 0 in previous version of the
models [49]. The present analysis however with self-similarity based models seems to prefer
a faster power law growth in ∼
(
1
x
)m
rather than ∼ log2 1
x
when compared with data.
III. SUMMARY
In this analysis, we have obtained the Froissart saturated forms of structure function F p2
having both the power law rise in Q2 and logQ2. It needs at least three magnification factors
not two as compared to earlier work in Ref. [45]. The ranges of validity for four different
self-similarity based models with three magnification factors are:
Model 2; Eq.26 : 1.3× 10−4 ≤ x ≤ 0.02 ; 6.5 ≤ Q2 ≤ 120 GeV2
Model 3; Eq.36 : 1.3× 10−4 ≤ x ≤ 0.02 ; 6.5 ≤ Q2 ≤ 60 GeV2
Model 4; Eq.42 : 1.3× 10−4 ≤ x ≤ 0.02 ; 6.5 ≤ Q2 ≤ 120 GeV2
Model 5; Eq.48 : 1.3× 10−4 ≤ x ≤ 0.02 ; 6.5 ≤ Q2 ≤ 120 GeV2
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to be compared with the models of Ref. [49] based on self-similarity without Froissart
saturation condition:
Eq.34 : 2× 10−5 ≤ x ≤ 0.4 ; 1.2 ≤ Q2 ≤ 800 GeV2
Eq.44 : 2× 10−5 ≤ x ≤ 0.4 ; 1.2 ≤ Q2 ≤ 1200 GeV2
Thus the above analysis shows the Froissart saturated self-similarity based structure function
has smaller validity ranges as compared to that of structure function without Froissart
condition having power law growth in 1
x
and logQ2.
So our inference is that perhaps the present HERA data has not reached its asymptotic
regime to have a Froissart saturation like behavior if self-similarity is assumed to be a
symmetry of the structure function.
Let us end this section with the theoretical limitation of the present work.
Although fractality in hadron-hadron and electron-positron interactions has been well
established experimentally [57] , self-similarity itself is not a general property of QCD and is
not yet established, either theoretically or experimentally. In this work, we have merely used
the notion of self-similarity to parametrize PDFs/structure functions as a generalization of
the method suggested in Ref. [44] and reported by us recently in [49, 50] and then study
how additional conditions among the model parameters are needed to make them compatible
with Froissart Bound as well. Besides log2(1/x) behavior, the presented models have also
power law rise in logQ2 rather than in Q2 and are closer to QCD expectation. However,
in no way, the constructed fractal inspired models are comparable to those based on QCD.
Modern analysis of PDFs in perturbative QCD are carried out upto Next-to-Next-to-leading
order (NNLO) [58, 59] with and without Froissart saturation using standard QCD evolution
equation and corresponding calculable splitting functions in several orders of strong coupling
constant and compare with QCD predictions. Instead, the present work is carried out only
at the level of a parton model. In this way, the models merely parametrize the input parton
distributions and their evolution in a self-similarity based compact form, which contains
both perturbative and non-perturbative aspects of a formal theory, valid in a finite x− Q2
range of data. It presumably implies that while self-similarity has not yet been proved to
be a general feature of strong interactions, under specific conditions, experimental data can
be interpreted with this notion as has been shown in the present paper. However, to prove
20
it from the first principle is beyond its scope.
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